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Weak Gravitational Lensing

       Direct measure of  the distribution of mass in the 
     universe, as opposed to the distribution of light

Theory

Distortion matrix:
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Weak Lensing Shear Measurement

            background galaxieslensed mass and shear distribution



Simulated Shear Map
Jain, Seljak & White 1997, 25’x25’, SCDM



2-Point Statistics
Shear Power Spectrum:

Shear Variance in circular cells:
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E/B Decomposition

Weak Lensing arises 
from a scalar potential

(Newton potential) 
and therefore only 
produces E-Modes

B-Modes: diagnostic for 
systematics

 
Switch from one to the 
other by rotating shear 

by 45°



Shear Measurement
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Systematics: PSF
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Cosmological Constraints
Tim Schrabback et al.: Evidence for the accelerated expansion of the Universe from 3D weak lensing with COSMOS 7

Fig. 4.Decomposition of the shear field into E- and B-modes using the shear correlation function !E/B (left), aperturemass dispersion
!M2

ap/"# (middle), and ring statistics !RR#E/B (right). Error-bars have been computed from 300 bootstrap resamples of the shear
catalogue, accounting for shape and shot noise, but not for sampling variance. The solid curves indicate model predictions for
"8 = (0.7, 0.8). In all cases the B-mode is consistent with zero, confirming the success of our correction for instrumental e!ects.
For !E/B the E/B-mode decomposition is model-dependent, where we have assumed "8 = 0.8 for the points, while the dashed
curves have been computed for "8 = (0.7, 0.9). The dotted curves indicate the signal if the residual ellipticity correction discussed
in App. B.6 is not applied, yielding nearly unchanged results. Note that the correlation between points is strongest for !E/B and
weakest for !RR#E/B .

or !M2
"#(# < 2$) = (4.0 ± 4.7) % 10&6 if only small scales are in-

cluded, consistent with no B-modes.
The cleanest E/B-mode decomposition is given by the ring

statistics (Schneider & Kilbinger 2007; Eifler et al. 2009b; see
also Fu & Kilbinger 2010), which can be computed from the
correlation function using a finite interval with non-zero lower
integration limit

!RR#E/B(") =
1
2

! "

$"

d%
%

"

!+(%)Z+(%, $) ± !&(%)Z&(%, $)
#

, (11)

with functions Z± given in Schneider & Kilbinger (2007). We
compute !RR#E/B using a scale-dependent integration limit $ as
outlined in Eifler et al. (2009b). As can be seen from the right
panel of Fig. 4, also !RR#B is consistent with no B-mode signal.

The non-detection of significant B-modes in our shear cat-
alogue is an important confirmation for our correction schemes
for instrumental e!ects and suggests that the measured signal is
truly of cosmological origin.

As a final test for shear-related systematics we compute the
correlation between corrected galaxy shear estimates & and un-
corrected stellar ellipticities e'

!
sys
tt/%%(#) =

!&t/%e't/%#|!&t/%e
'
t/%#|

!e't/%e
'
t/%#

, (12)

which we normalize using the stellar auto-correlation as sug-
gested by Bacon et al. (2003). As detailed in App. B.6, we em-
ploy a somewhat ad hoc residual correction for a very weak
remaining instrumental signal. We find that !sys is indeed only
consistent with zero if this correction is applied (Fig. 5), yet
even without correction, !sys is negligible compared to the ex-
pected cosmological signal. The negligible impact can also be
seen from the two-point statistics in Fig. 4, where the points are
computed including residual correction, while the dotted lines
indicate the measurement without it. We suspect that this resid-
ual instrumental signature could either be caused by the limited
capability of KSB+ to fully correct for a complex space-based
PSF, or a residual PSF modelling uncertainty due to the low

Fig. 5. Cross-correlation between galaxy shear estimates and un-
corrected stellar ellipticities as defined in (12). The signal is con-
sistent with zero if the residual ellipticity correction discussed in
App. B.6 is applied (circles). Even without this correction (trian-
gles) it is at a level negligible compared to the expected cosmo-
logical signal (dotted curves), except for the largest scales, where
the error-budget is anyway dominated by sampling variance.

number of stars per ACS field. In any case we have verified that
this residual correction has a negligible impact on the cosmolog-
ical parameter estimation in Sect. 6, changing our constraints on
"8 at the 2% level, well within the statistical uncertainty.
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Fig. 12. Constraints on!m, !", and !8 from our 3D weak lensing analysis of COSMOS for a general (non-flat)"CDM cosmology
using our default priors. The contours indicate the 68.3% and 95.4% credibility regions, where we have marginalized over the
parameters which are not shown. The non-linear blue-scale indicates the highest density region of the posterior.

where our prior excludes negative densities !" < 0. Based on
our !m !!" constraints, we compute the posterior PDF for the
deceleration parameter

q0 = !äa/ȧ2 = !m/2 ! !" (22)

as shown in Fig. 13, which yields

q0 < 0 (96.0% conf.).

Relaxing our priors to h = 0.72 ± 0.08 (HST Key Project,
Freedman et al. 2001), !bh2 = 0.021 ± 0.001 (Big-Bang nucle-
osynthesis, Iocco et al. 2009), and ns " [0.7, 1.2], weakens this
constraint only slightly to

q0 < 0 (94.3% conf., weak priors).

Employing the recent distance ladder estimate
h = 0.742 ± 0.036 (Riess et al. 2009) instead of the HST
Key Project constraint, we obtain q0 < 0 at 94.8% confidence.

Our analysis provides evidence for the accelerated expansion
of the Universe (q0 < 0) from weak gravitational lensing. While
the statistical accuracy is still relatively weak due to the limited
size of the COSMOS field, this evidence is independent of ex-
ternal constraints on !m and !".

We note that the lensing data alone cannot formally exclude
a non-flat OCDM cosmology. However, the cosmological pa-
rameters inferred for such a model would be inconsistent with
various other cosmological probes10. We therefore perform our
analysis in the context of the well-established "CDM model,
where the lensing data provide additional evidence for cosmic
acceleration.

6.3.3. Flat wCDM cosmology

For a flat wCDM cosmology we plot our constraints on the (con-
stant) dark energy equation of state parameterw in Fig. 14, show-
10 For a lensing-only OCDM analysis the posterior peaks at
!m # 0.1, !8 # 1.4 (close to the prior boundaries). In the comparison
with a "CDM analysis, the additional parameter !" causes a penalty
in the Bayesian model comparison (computed as in Kilbinger et al.
2009b). This leads to an only slightly larger evidence for the non-flat
"CDMmodel compared to the OCDMmodel, with an inconclusive ev-
idence ratio of 65:35. The evidence ratio becomes a “weak preference”
(77:23) if we employ a (still conservative) prior !8 < 1. Hence, with
this prior the "CDM model makes the data more than 3 times more
probable than the OCDM model.
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Fig. 13. Posterior PDF for the deceleration parameter q0 as com-
puted from our constraints on!m and!" for a general (non-flat)
"CDM cosmology, using our default priors (solid curve), and
using weaker priors from the HST Key Project and Big-Bang nu-
cleosynthesis (dashed curve). The line at q0 = 0 separates accel-
erating (q0 < 0) and decelerating (q0 > 0) cosmologies. We find
q0 < 0 at 96.0% confidence using our default priors, or 94.3%
confidence for the weaker priors.

ing that the measurement is consistent with "CDM (w = !1).
From the posterior PDF we compute

w < !0.41 (90% conf.)

for the chosen prior w " [!2, 0]. The exact value of this upper
limit depends on the lower bound of the prior PDF given the non-
closed credibility regions. We have chosen this prior as more
negativew would require a worrisome extrapolation for the non-
linear power spectrum corrections (Sect. 6.2). For comparison,
we repeat the analysis with a much wider prior w " [!3.5, 0.5]
leading to a stronger upper limit w < !0.78 (90% conf.). While
the COSMOS data are capable to exclude very large values
w$ !1, larger lensing data-sets will be required to obtain re-
ally competitive constraints on w.

To test the consistency of the data with "CDM, we com-
pare the Bayesian evidence for the flat "CDM and wCDM
models, which we compute in the PMC analysis as detailed
in Kilbinger et al. (2009b). Here we find completely inconclu-

�8(⌦m/0.3)0.51 = 0.79± 0.09

Schrabback et al.  2010
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Dark Energy Constraints

Astier et al. 2005

Dark Energy parameters:
- Energy density: ΩΛ in unit of critical density
- Equation of state w=p/ρ: w=-1 for all z for a cosmological constant Λ

Constraints:
- Current constraints: 10% on constant w
- For definite answers on DE: need to reach a precision of 1% on (varying) w and 
10% on wa=dw/da

Schrabback et al. 2009
COSMOS 2 deg2

Weak Lensing



SDSS Stripe 82

275 sq. deg.
20-30 coadded exposures
<2’’ seeing
18<i<24, median z~0.6

Lin et al. 2011



CFHTLenS

TextText

Heymans et al. 2013

154 sq. deg., median z~0.7



Deep Lens Survey
Jee et al. 2013

NOAO Blanco and Mayall 4m
20 sq. deg, mag<26.5, median z~1



CMB Anisotropies

Story et al. 2011SPT 2540 deg2

Planck XVII, 2013



CMB Lensing

Planck XVII, 2013



Wide-Field Imaging 
Survey diameter (m) FOV (deg2) Area (deg2) start

CFHTLS 3.6 1 172 2003

KIDS (VST) 2.6 1 1700 2012

DES (NOAO) 4 2.2 5000 2012

HSC (Subaru) 8 2 2000(?) 2012

Pan-STARRS 1.8(x4) 4(x4) 30000 2009(2014)

LSST 8 7 30000 2020

Euclid 1.2 space 2x0.5 15000 2019

WFIRST 2.0 space 3x0.5? 10000? 2021?

+PAU



Impact on Cosmology

Stage IV Surveys will challenge all sectors 
of the cosmological model:
• Dark Energy: wp and wa with an error of 

2% and 13% respectively (no prior)
• Dark Matter: test of CDM paradigm, 

precision of 0.04eV on sum of neutrino 
masses (with Planck)

• Initial Conditions: constrain shape of 
primordial power spectrum, primordial 
non-gaussianity

• Gravity: test GR by reaching a precision of 
2% on the growth exponent  (dlnm/dlnam)

→ Uncover new physics and map LSS at 
0<z<2: Low redshift counterpart to CMB 
surveys

 Stage IV

 Stage IV+Planck

 Stage IV+Planck

 Stage IV

Amara et al. 2008



Requirements

Amara & Refregier 2006,2007
Paulin-Henriksson et al. 2008
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Figure 1. Illustration of the distinction between statistical errors which
can be estimated using the Fisher matrix and the biasing effect of residual
systematics, which can be estimated using the present formalism. The black
dashed line shows the results of a Fisher matrix calculation with the cross
showing the fiducial model that has been used. The solid red line shows the
error ellipses when the effects of a systematic signal are also included. We
see that the systematic errors can induce a bias that moves the central value
relative to the fiducial model.

earlier works, by applying the bias formalism to a broad set of
shape systematics and by studying the joint impact of systematic
and statistical errors in current and future surveys.

This paper is organized as follows. In Section 2, we describe the
formalism that we use to quantify systematic biases. In Section 3, we
apply our formalism to cosmic shear surveys by exploring the effect
of three types of shape measurement systematics: (i) additive with
no redshift evolution; (ii) additive with redshift evolution and (iii)
multiplicative. For each type, we consider several possibilities for
their scale dependence: (i) log-linear systematics; (ii) systematics
that have the same shape as the lensing signal and (iii) systemat-
ics that mimic a small change in the cosmological parameters. In
Section 4, we study the impact of the systematics in the design of
future surveys. Our conclusions are summarized in Section 5.

2 G E N E R A L B I A S FO R M A L I S M

In a weak lensing survey, the observed power spectrum derived
from the shapes of background galaxies is given by

Cobs
! = C lens

! + C
sys
! + Cnoise

! , (1)

where each term corresponds to, respectively, the lensing signal
(C lens

! ), residual systematics (C sys
! ), and noise arising from measure-

ment errors and intrinsic shape noise (Cnoise
! ). An estimator of the

weak lensing shear power spectrum can thus be defined as

!C lens
! = Cobs

! ! Cnoise
! , (2)

where it is assumed that the residual systematics is unknown and
therefore uncorrected. The errors of this estimator are given by

"C! =
"

1
(2! + 1)fsky

#
C lens

! + C
sys
! + Cnoise

!

$
, (3)

where fsky is the fraction of the sky covered by the survey.
The measurement of this power spectrum can then be used to

constrain a set of cosmological parameters pi . For this, we form the

usual statistic

# 2(p) =
%

!

"C!2
l

&
[ !C lens

! ! C lens
! (p)]2

'
. (4)

An estimator for the parameters (pi is then defined such that
d# 2(p̂i)/dpi = 0.

Neglecting the dependence of the errors "C! in the parameters,
the covariance matrix of the parameters

cov[p̂i , p̂j ] = "(p̂i ! "p̂i#)(p̂j ! "p̂j #)# = (F !1)ij (5)

is then given by the inverse of the Fisher matrix

Fij =
%

!

"C!2
l

dC lens
!

dpi

dC lens
!

dpj

. (6)

It is also easy to show that, for small residual systematics, the bias
of the parameter estimator is given by

b[p̂i] = "p̂i# ! "ptrue
i # = (F !1)ijBj , (7)

where ptrue
i is the true value of the parameters, the summation con-

vention has been assumed and the bias vector Bj is given by

Bj =
%

!

"C!2
l C

sys
!

dC lens
!

dpj

. (8)

This simple expression is similar to that for the Fisher matrix and
is therefore a convenient way to evaluate the impact of residual
systematics and has also used by Huterer & Takada (2005) and
Huterer et al. (2006). Note that this expression, while derived
for the measurement of a single weak lensing power spectrum,
is general and can be applied to any estimation of a model us-
ing a # 2 fit in the presence of residual (unknown) systematics. In
particular, it can be easily generalized for the case where several
power spectra are considered, such as in weak lensing tomography,
and if the power spectrum estimators at different multipoles are
correlated.

Fig. 1 illustrates the principles of our formalism for the case
of the measurement of dark energy equation of state parameters
(see detailed discussion below). The black dashed ellipse shows
the statistical error estimates for these parameters derived using the
fisher matrix. This error ellipse is centred on the fiducial model.
The red error ellipse includes the systematics bias discussed in
equation (8). We see that systematics have an additional effect
of shifting the centre of the error ellipses away from the fiducial
model.

In general, it is convenient to consider the total error covari-
ance matrix which considers deviations from the true value of the
parameters and is given by

tcov[p̂i , p̂j ] =
)#

p̂i ! ptrue
i

$ #
p̂j ! ptrue

j

$*
= (F !1)ij + b[p̂i]b[p̂j ].

(9)

This includes both statistical and systematic errors, as opposed to
the standard covariance matrix (equation 5) which only considers
deviations from the mean values of parameter estimators and thus
only includes statistical errors. In particular, the diagonal elements
of the total error matrix give the mean square error (MSE) of a
parameter pi

MSE[p̂i] = $ 2[p̂i] + b2[p̂i], (10)

where the statistical error variance is $ 2[p̂i] = (F !1)ii . It is this total
error which needs to be minimized when optimizing future surveys
rather than the statistical error alone. An interesting criterion is to
define a tolerance on the systematics such that they do not dominate

C$ 2008 The Authors. Journal compilation C$ 2008 RAS, MNRAS 391, 228–236
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Figure 1. Illustration of the distinction between statistical errors which
can be estimated using the Fisher matrix and the biasing effect of residual
systematics, which can be estimated using the present formalism. The black
dashed line shows the results of a Fisher matrix calculation with the cross
showing the fiducial model that has been used. The solid red line shows the
error ellipses when the effects of a systematic signal are also included. We
see that the systematic errors can induce a bias that moves the central value
relative to the fiducial model.

earlier works, by applying the bias formalism to a broad set of
shape systematics and by studying the joint impact of systematic
and statistical errors in current and future surveys.

This paper is organized as follows. In Section 2, we describe the
formalism that we use to quantify systematic biases. In Section 3, we
apply our formalism to cosmic shear surveys by exploring the effect
of three types of shape measurement systematics: (i) additive with
no redshift evolution; (ii) additive with redshift evolution and (iii)
multiplicative. For each type, we consider several possibilities for
their scale dependence: (i) log-linear systematics; (ii) systematics
that have the same shape as the lensing signal and (iii) systemat-
ics that mimic a small change in the cosmological parameters. In
Section 4, we study the impact of the systematics in the design of
future surveys. Our conclusions are summarized in Section 5.

2 G E N E R A L B I A S FO R M A L I S M

In a weak lensing survey, the observed power spectrum derived
from the shapes of background galaxies is given by

Cobs
! = C lens

! + C
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! + Cnoise

! , (1)

where each term corresponds to, respectively, the lensing signal
(C lens

! ), residual systematics (C sys
! ), and noise arising from measure-

ment errors and intrinsic shape noise (Cnoise
! ). An estimator of the

weak lensing shear power spectrum can thus be defined as

!C lens
! = Cobs

! ! Cnoise
! , (2)

where it is assumed that the residual systematics is unknown and
therefore uncorrected. The errors of this estimator are given by

"C! =
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1
(2! + 1)fsky
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, (3)

where fsky is the fraction of the sky covered by the survey.
The measurement of this power spectrum can then be used to

constrain a set of cosmological parameters pi . For this, we form the

usual statistic

# 2(p) =
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&
[ !C lens
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! (p)]2
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. (4)

An estimator for the parameters (pi is then defined such that
d# 2(p̂i)/dpi = 0.

Neglecting the dependence of the errors "C! in the parameters,
the covariance matrix of the parameters

cov[p̂i , p̂j ] = "(p̂i ! "p̂i#)(p̂j ! "p̂j #)# = (F !1)ij (5)

is then given by the inverse of the Fisher matrix

Fij =
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. (6)

It is also easy to show that, for small residual systematics, the bias
of the parameter estimator is given by

b[p̂i] = "p̂i# ! "ptrue
i # = (F !1)ijBj , (7)

where ptrue
i is the true value of the parameters, the summation con-

vention has been assumed and the bias vector Bj is given by

Bj =
%

!

"C!2
l C

sys
!

dC lens
!

dpj

. (8)

This simple expression is similar to that for the Fisher matrix and
is therefore a convenient way to evaluate the impact of residual
systematics and has also used by Huterer & Takada (2005) and
Huterer et al. (2006). Note that this expression, while derived
for the measurement of a single weak lensing power spectrum,
is general and can be applied to any estimation of a model us-
ing a # 2 fit in the presence of residual (unknown) systematics. In
particular, it can be easily generalized for the case where several
power spectra are considered, such as in weak lensing tomography,
and if the power spectrum estimators at different multipoles are
correlated.

Fig. 1 illustrates the principles of our formalism for the case
of the measurement of dark energy equation of state parameters
(see detailed discussion below). The black dashed ellipse shows
the statistical error estimates for these parameters derived using the
fisher matrix. This error ellipse is centred on the fiducial model.
The red error ellipse includes the systematics bias discussed in
equation (8). We see that systematics have an additional effect
of shifting the centre of the error ellipses away from the fiducial
model.

In general, it is convenient to consider the total error covari-
ance matrix which considers deviations from the true value of the
parameters and is given by

tcov[p̂i , p̂j ] =
)#

p̂i ! ptrue
i

$ #
p̂j ! ptrue

j

$*
= (F !1)ij + b[p̂i]b[p̂j ].

(9)

This includes both statistical and systematic errors, as opposed to
the standard covariance matrix (equation 5) which only considers
deviations from the mean values of parameter estimators and thus
only includes statistical errors. In particular, the diagonal elements
of the total error matrix give the mean square error (MSE) of a
parameter pi

MSE[p̂i] = $ 2[p̂i] + b2[p̂i], (10)

where the statistical error variance is $ 2[p̂i] = (F !1)ii . It is this total
error which needs to be minimized when optimizing future surveys
rather than the statistical error alone. An interesting criterion is to
define a tolerance on the systematics such that they do not dominate
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Figure 1. Illustration of the distinction between statistical errors which
can be estimated using the Fisher matrix and the biasing effect of residual
systematics, which can be estimated using the present formalism. The black
dashed line shows the results of a Fisher matrix calculation with the cross
showing the fiducial model that has been used. The solid red line shows the
error ellipses when the effects of a systematic signal are also included. We
see that the systematic errors can induce a bias that moves the central value
relative to the fiducial model.

earlier works, by applying the bias formalism to a broad set of
shape systematics and by studying the joint impact of systematic
and statistical errors in current and future surveys.

This paper is organized as follows. In Section 2, we describe the
formalism that we use to quantify systematic biases. In Section 3, we
apply our formalism to cosmic shear surveys by exploring the effect
of three types of shape measurement systematics: (i) additive with
no redshift evolution; (ii) additive with redshift evolution and (iii)
multiplicative. For each type, we consider several possibilities for
their scale dependence: (i) log-linear systematics; (ii) systematics
that have the same shape as the lensing signal and (iii) systemat-
ics that mimic a small change in the cosmological parameters. In
Section 4, we study the impact of the systematics in the design of
future surveys. Our conclusions are summarized in Section 5.
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In a weak lensing survey, the observed power spectrum derived
from the shapes of background galaxies is given by
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! , (1)

where each term corresponds to, respectively, the lensing signal
(C lens

! ), residual systematics (C sys
! ), and noise arising from measure-

ment errors and intrinsic shape noise (Cnoise
! ). An estimator of the

weak lensing shear power spectrum can thus be defined as
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! ! Cnoise
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where it is assumed that the residual systematics is unknown and
therefore uncorrected. The errors of this estimator are given by
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where fsky is the fraction of the sky covered by the survey.
The measurement of this power spectrum can then be used to

constrain a set of cosmological parameters pi . For this, we form the

usual statistic
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An estimator for the parameters (pi is then defined such that
d# 2(p̂i)/dpi = 0.

Neglecting the dependence of the errors "C! in the parameters,
the covariance matrix of the parameters

cov[p̂i , p̂j ] = "(p̂i ! "p̂i#)(p̂j ! "p̂j #)# = (F !1)ij (5)

is then given by the inverse of the Fisher matrix

Fij =
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It is also easy to show that, for small residual systematics, the bias
of the parameter estimator is given by
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i is the true value of the parameters, the summation con-

vention has been assumed and the bias vector Bj is given by

Bj =
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. (8)

This simple expression is similar to that for the Fisher matrix and
is therefore a convenient way to evaluate the impact of residual
systematics and has also used by Huterer & Takada (2005) and
Huterer et al. (2006). Note that this expression, while derived
for the measurement of a single weak lensing power spectrum,
is general and can be applied to any estimation of a model us-
ing a # 2 fit in the presence of residual (unknown) systematics. In
particular, it can be easily generalized for the case where several
power spectra are considered, such as in weak lensing tomography,
and if the power spectrum estimators at different multipoles are
correlated.

Fig. 1 illustrates the principles of our formalism for the case
of the measurement of dark energy equation of state parameters
(see detailed discussion below). The black dashed ellipse shows
the statistical error estimates for these parameters derived using the
fisher matrix. This error ellipse is centred on the fiducial model.
The red error ellipse includes the systematics bias discussed in
equation (8). We see that systematics have an additional effect
of shifting the centre of the error ellipses away from the fiducial
model.

In general, it is convenient to consider the total error covari-
ance matrix which considers deviations from the true value of the
parameters and is given by

tcov[p̂i , p̂j ] =
)#

p̂i ! ptrue
i

$ #
p̂j ! ptrue

j

$*
= (F !1)ij + b[p̂i]b[p̂j ].

(9)

This includes both statistical and systematic errors, as opposed to
the standard covariance matrix (equation 5) which only considers
deviations from the mean values of parameter estimators and thus
only includes statistical errors. In particular, the diagonal elements
of the total error matrix give the mean square error (MSE) of a
parameter pi

MSE[p̂i] = $ 2[p̂i] + b2[p̂i], (10)

where the statistical error variance is $ 2[p̂i] = (F !1)ii . It is this total
error which needs to be minimized when optimizing future surveys
rather than the statistical error alone. An interesting criterion is to
define a tolerance on the systematics such that they do not dominate
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Table 1. Cosmology parameters for our fiducial model with marginalized
Fisher matrix errors for the survey we consider.

Parameter !m w0 wa h " 8 !b #

Central value 0.28 -0.95 0.00 0.72 1.0 0.046 1.0
Marginalized errors 0.006 0.06 0.19 17 0.008 4 0.009

over statistical error. This is verified when

b[p̂i] ! " [p̂i], (11)

for all or a selected subset of the parameters pi . In the following,
we will apply this formalism to cosmic shear and derived the sys-
tematics tolerance for future surveys.

3 SH A P E S Y S T E M AT I C S FO R W E A K L E N S I N G
TO MOGRAPHY

Weak lensing tomography places constraints on cosmological
parameters by measuring the statistics of the shear field as a function
of redshift. This is done in practice by dividing galaxies into red-
shift bins and measuring both the autocorrelation of the shear signal
within bins as well as the cross-correlation between bins. The shear
signal itself is measured using the shapes of distant galaxies. For
this purpose, the observed galaxy images must be corrected from
the effects of the point spread function (PSF) which is monitored
using stars in the image. Errors in the PSF deconvolution and galaxy
shape estimation induces errors in the measured galaxy shapes, and
hence lead to errors in shears. These shape measurement errors
generally have spatial correlations (since the PSF itself has a spatial
variation) which can be described by its power spectrum Csys

$ . In this
work, we decompose residual systematic power spectrum into two
parts: an additive term (i.e. independent of the lensing signal) and
a multiplicative term (i.e. dependent on the lensing signal). Each
term and its impact on the systematics power spectrum is described
in Appendix A.

In the following, we consider a flat cosmological model with
seven parameters listed in Table 1. In particular, the evolution of the
dark energy equation of state parameter is assumed to take the form
w(a) = wn + (an " a)wa, with w0, listed in the table, corresponding
to a pivot point of an = 1. For the cosmic shear survey parameters,
we focus on the DUNE-like ‘shallow’ survey described in Amara
& Refregier (2007), namely a 20 000 deg2 survey containing 35
galaxies per arcmin2 with " % = 0.25 and zm = 0.9, with the galaxies
divided into five redshift bins so that each bin contains the same
number of galaxies. We assume that the overall galaxy distribution
is given by Smail, Ellis & Fitchett (1994):

P (z) = z& exp

!
"

"
z

z0

#'$
, (12)

where we set & = 2 and ' = 1.5. The median redshift of the survey,
zm, is then used to set z0 # zm/1.412. We use multipoles in the
range 10 < $ < 2 $ 104. The lensing tomography formalism we
use is also described in Hu & Jain (2004) and Amara & Refregier
(2007). Table 1 shows the central values of our fiducial model and
the marginalized Fisher matrix errors on each of the cosmological
parameters for this survey. These errors come from the same calcu-
lation used to produce the results (dashed curve) shown in Fig. 1.
The errors on the dark energy parameters are sometimes stated in
terms of wn corresponding to the pivot point an, where wn and wa

are uncorrelated. For our survey, the marginalized error on wn is
0.02.

3.1 Additive term

First, we consider an additive systematic signal, which, by definition
is not correlated with the lensing signal. Such a systematic could,
for instance, result from residual errors in the correction of the PSF.
This signal can, in general, have an arbitrary scale dependence and
may also depend on the galaxy redshift.

To quantify the amplitude of the systematic signal, it is convenient
to consider its variance

" 2
sys = 1

2!

%
|Csys

$ |$($ + 1) d ln $, (13)

where the absolute value sign is included to account for possible
changes of sign. In choosing functional forms, we have decided to
focus on a generic functional forms in order to explore the sensitivity
of the cosmological parameters, rather than look at the effects of a
specific physical effect. To explore the possible scale dependence
of the systematic signal, we consider the following three classes of
shape of the systematic power spectrum:

(i) The first is a log-linear systematic:

$($ + 1)Csys
$ = A0[# log10($/$0) + 1], (14)

where $0 is a reference scale, # is a scaling parameter and A0 is a
normalization. This parametrization allows for the possibility that
the residual power spectrum of systematic signal, after correction, is
positive or negative and may transition from one to the other. More
specifically, the quantity $($ + 1)Csys

$ scales linearly with log $ and
goes through the point $($ + 1)Csys

$ = A0 at $ = $0 and has a slope
of #A0. In general, each correlation function could have its own
normalization (i.e. Aij , rather than A0). For instance, this would be
the case if the systematic signal had a redshift dependence.

(ii) Secondly, we explore systematic signals that have the same
shape as one of the lensing power spectra, Clens

$ . Since, in this work,
the galaxies have been divided into five redshift bins, this gives us
15 possible power spectra to investigate:

C
sys
$ = A1C

ij
$ , (15)

where Cij
$ is the correlation spectrum between bins i and j, and A1 is

a normalization. Once again each correlation function could have a
different normalization. For instance, this would be the case if the
systematic signal had a redshift dependence.

(iii) Finally, we explore the systematic shape that should have the
greatest impact on our measured cosmological parameter estima-
tion, namely systematics that exactly mimic the effect of a change
in one of the cosmological parameters (p&):

C
sys
$ = A2

dC
ij
$

dp&

, (16)

whereA2 is another normalization factor.

Fig. 2 shows examples of these different classes of systematic
signals. Each of the systematic signals has been normalized so that
they introduce a bias on the equation of state parameter w0 of 0.06,
which is the same level as the marginalized statistical error on this
parameter calculated from a standard Fisher matrix approach see
Table 1.

3.1.1 Additive term with no redshift evolution

We first consider additive systematics whose amplitude is indepen-
dent of redshift. Fig. 3 shows the bias introduced to each parameter
in our log-linear model (equation 14 and top left-hand panel of
Fig. 2) as function of the scaling parameter #. The seven curves in
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Figure 1. Illustration of the distinction between statistical errors which
can be estimated using the Fisher matrix and the biasing effect of residual
systematics, which can be estimated using the present formalism. The black
dashed line shows the results of a Fisher matrix calculation with the cross
showing the fiducial model that has been used. The solid red line shows the
error ellipses when the effects of a systematic signal are also included. We
see that the systematic errors can induce a bias that moves the central value
relative to the fiducial model.

earlier works, by applying the bias formalism to a broad set of
shape systematics and by studying the joint impact of systematic
and statistical errors in current and future surveys.

This paper is organized as follows. In Section 2, we describe the
formalism that we use to quantify systematic biases. In Section 3, we
apply our formalism to cosmic shear surveys by exploring the effect
of three types of shape measurement systematics: (i) additive with
no redshift evolution; (ii) additive with redshift evolution and (iii)
multiplicative. For each type, we consider several possibilities for
their scale dependence: (i) log-linear systematics; (ii) systematics
that have the same shape as the lensing signal and (iii) systemat-
ics that mimic a small change in the cosmological parameters. In
Section 4, we study the impact of the systematics in the design of
future surveys. Our conclusions are summarized in Section 5.

2 G E N E R A L B I A S FO R M A L I S M

In a weak lensing survey, the observed power spectrum derived
from the shapes of background galaxies is given by

Cobs
! = C lens

! + C
sys
! + Cnoise

! , (1)

where each term corresponds to, respectively, the lensing signal
(C lens

! ), residual systematics (C sys
! ), and noise arising from measure-

ment errors and intrinsic shape noise (Cnoise
! ). An estimator of the

weak lensing shear power spectrum can thus be defined as

!C lens
! = Cobs

! ! Cnoise
! , (2)

where it is assumed that the residual systematics is unknown and
therefore uncorrected. The errors of this estimator are given by

"C! =
"

1
(2! + 1)fsky

#
C lens

! + C
sys
! + Cnoise

!

$
, (3)

where fsky is the fraction of the sky covered by the survey.
The measurement of this power spectrum can then be used to

constrain a set of cosmological parameters pi . For this, we form the

usual statistic

# 2(p) =
%

!

"C!2
l

&
[ !C lens

! ! C lens
! (p)]2

'
. (4)

An estimator for the parameters (pi is then defined such that
d# 2(p̂i)/dpi = 0.

Neglecting the dependence of the errors "C! in the parameters,
the covariance matrix of the parameters

cov[p̂i , p̂j ] = "(p̂i ! "p̂i#)(p̂j ! "p̂j #)# = (F !1)ij (5)

is then given by the inverse of the Fisher matrix

Fij =
%

!

"C!2
l

dC lens
!

dpi

dC lens
!

dpj

. (6)

It is also easy to show that, for small residual systematics, the bias
of the parameter estimator is given by

b[p̂i] = "p̂i# ! "ptrue
i # = (F !1)ijBj , (7)

where ptrue
i is the true value of the parameters, the summation con-

vention has been assumed and the bias vector Bj is given by

Bj =
%

!

"C!2
l C

sys
!

dC lens
!

dpj

. (8)

This simple expression is similar to that for the Fisher matrix and
is therefore a convenient way to evaluate the impact of residual
systematics and has also used by Huterer & Takada (2005) and
Huterer et al. (2006). Note that this expression, while derived
for the measurement of a single weak lensing power spectrum,
is general and can be applied to any estimation of a model us-
ing a # 2 fit in the presence of residual (unknown) systematics. In
particular, it can be easily generalized for the case where several
power spectra are considered, such as in weak lensing tomography,
and if the power spectrum estimators at different multipoles are
correlated.

Fig. 1 illustrates the principles of our formalism for the case
of the measurement of dark energy equation of state parameters
(see detailed discussion below). The black dashed ellipse shows
the statistical error estimates for these parameters derived using the
fisher matrix. This error ellipse is centred on the fiducial model.
The red error ellipse includes the systematics bias discussed in
equation (8). We see that systematics have an additional effect
of shifting the centre of the error ellipses away from the fiducial
model.

In general, it is convenient to consider the total error covari-
ance matrix which considers deviations from the true value of the
parameters and is given by

tcov[p̂i , p̂j ] =
)#

p̂i ! ptrue
i

$ #
p̂j ! ptrue

j

$*
= (F !1)ij + b[p̂i]b[p̂j ].

(9)

This includes both statistical and systematic errors, as opposed to
the standard covariance matrix (equation 5) which only considers
deviations from the mean values of parameter estimators and thus
only includes statistical errors. In particular, the diagonal elements
of the total error matrix give the mean square error (MSE) of a
parameter pi

MSE[p̂i] = $ 2[p̂i] + b2[p̂i], (10)

where the statistical error variance is $ 2[p̂i] = (F !1)ii . It is this total
error which needs to be minimized when optimizing future surveys
rather than the statistical error alone. An interesting criterion is to
define a tolerance on the systematics such that they do not dominate
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Figure 1. Illustration of the distinction between statistical errors which
can be estimated using the Fisher matrix and the biasing effect of residual
systematics, which can be estimated using the present formalism. The black
dashed line shows the results of a Fisher matrix calculation with the cross
showing the fiducial model that has been used. The solid red line shows the
error ellipses when the effects of a systematic signal are also included. We
see that the systematic errors can induce a bias that moves the central value
relative to the fiducial model.

earlier works, by applying the bias formalism to a broad set of
shape systematics and by studying the joint impact of systematic
and statistical errors in current and future surveys.

This paper is organized as follows. In Section 2, we describe the
formalism that we use to quantify systematic biases. In Section 3, we
apply our formalism to cosmic shear surveys by exploring the effect
of three types of shape measurement systematics: (i) additive with
no redshift evolution; (ii) additive with redshift evolution and (iii)
multiplicative. For each type, we consider several possibilities for
their scale dependence: (i) log-linear systematics; (ii) systematics
that have the same shape as the lensing signal and (iii) systemat-
ics that mimic a small change in the cosmological parameters. In
Section 4, we study the impact of the systematics in the design of
future surveys. Our conclusions are summarized in Section 5.

2 G E N E R A L B I A S FO R M A L I S M

In a weak lensing survey, the observed power spectrum derived
from the shapes of background galaxies is given by

Cobs
! = C lens

! + C
sys
! + Cnoise

! , (1)

where each term corresponds to, respectively, the lensing signal
(C lens

! ), residual systematics (C sys
! ), and noise arising from measure-

ment errors and intrinsic shape noise (Cnoise
! ). An estimator of the

weak lensing shear power spectrum can thus be defined as

!C lens
! = Cobs

! ! Cnoise
! , (2)

where it is assumed that the residual systematics is unknown and
therefore uncorrected. The errors of this estimator are given by

"C! =
"

1
(2! + 1)fsky

#
C lens

! + C
sys
! + Cnoise

!

$
, (3)

where fsky is the fraction of the sky covered by the survey.
The measurement of this power spectrum can then be used to

constrain a set of cosmological parameters pi . For this, we form the

usual statistic

# 2(p) =
%

!

"C!2
l

&
[ !C lens

! ! C lens
! (p)]2

'
. (4)

An estimator for the parameters (pi is then defined such that
d# 2(p̂i)/dpi = 0.

Neglecting the dependence of the errors "C! in the parameters,
the covariance matrix of the parameters

cov[p̂i , p̂j ] = "(p̂i ! "p̂i#)(p̂j ! "p̂j #)# = (F !1)ij (5)

is then given by the inverse of the Fisher matrix

Fij =
%

!

"C!2
l

dC lens
!

dpi

dC lens
!

dpj

. (6)

It is also easy to show that, for small residual systematics, the bias
of the parameter estimator is given by

b[p̂i] = "p̂i# ! "ptrue
i # = (F !1)ijBj , (7)

where ptrue
i is the true value of the parameters, the summation con-

vention has been assumed and the bias vector Bj is given by

Bj =
%

!

"C!2
l C

sys
!

dC lens
!

dpj

. (8)

This simple expression is similar to that for the Fisher matrix and
is therefore a convenient way to evaluate the impact of residual
systematics and has also used by Huterer & Takada (2005) and
Huterer et al. (2006). Note that this expression, while derived
for the measurement of a single weak lensing power spectrum,
is general and can be applied to any estimation of a model us-
ing a # 2 fit in the presence of residual (unknown) systematics. In
particular, it can be easily generalized for the case where several
power spectra are considered, such as in weak lensing tomography,
and if the power spectrum estimators at different multipoles are
correlated.

Fig. 1 illustrates the principles of our formalism for the case
of the measurement of dark energy equation of state parameters
(see detailed discussion below). The black dashed ellipse shows
the statistical error estimates for these parameters derived using the
fisher matrix. This error ellipse is centred on the fiducial model.
The red error ellipse includes the systematics bias discussed in
equation (8). We see that systematics have an additional effect
of shifting the centre of the error ellipses away from the fiducial
model.

In general, it is convenient to consider the total error covari-
ance matrix which considers deviations from the true value of the
parameters and is given by

tcov[p̂i , p̂j ] =
)#

p̂i ! ptrue
i

$ #
p̂j ! ptrue

j

$*
= (F !1)ij + b[p̂i]b[p̂j ].

(9)

This includes both statistical and systematic errors, as opposed to
the standard covariance matrix (equation 5) which only considers
deviations from the mean values of parameter estimators and thus
only includes statistical errors. In particular, the diagonal elements
of the total error matrix give the mean square error (MSE) of a
parameter pi

MSE[p̂i] = $ 2[p̂i] + b2[p̂i], (10)

where the statistical error variance is $ 2[p̂i] = (F !1)ii . It is this total
error which needs to be minimized when optimizing future surveys
rather than the statistical error alone. An interesting criterion is to
define a tolerance on the systematics such that they do not dominate
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Statistics Systematics

shape noise per galaxy: δγ~10-1

shear signal: δγ~10-2

requirement : δγ~3x10-4 for σsys2=10-7



Open Problems

• Measurement 

‣ Shape measurement 

‣ Photometric redshifts

• Interpretation

‣ Astrophysical systematics (IA, baryonic corrections)

‣ Non-gaussian field statistics

• Implementation

‣ Large Data Volume

‣ Quality Control



Conclusions

‣ Weak Lensing is a special probe of the dark universe: 
purely gravitational, direct probe of mass (DM), strong 
statistical power 

‣ Several wide field lensing surveys coming online or being 
planned; progress with CMB Lensing

‣ For lensing to reach its full potential, many open problems 
in theory, observations, data analysis, instrumentation


